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INTRODUCTION

Tables of scattering coefficients giving the amplitude and phase of
the electromagnetic wave scattered by a perfectly conducting sphere
do not seem to have been published except for a very limited range of
sphere sizes. A rather complete listing of tabulated scattering coefficients
for spheres of various types i given in Reference 1, pages 28 through 31,
None of the tables listed there gives amplitudes and phases of the scattered
wave for the very wide variation in sphere size that may be encountered in
practice. In reference 2 are given tables of normalized echoing area
and phase angle for sphere circumference in wavelengths, kz, varying from
0.25 t6 16 in increments of 0, 25. Those tables were based upon computations
made at this Laboratory several years ago,and, although the values given
are correct, the increment in ka and the upper value considered are both
too small for many applications. In the course of some radar investigations
currently being conducted for Bell Telephone Laboratories’, it became
necessary to compute scattering coefficients for £a varying from 0 to 50

in steps of 0.02. We wish to thank Bell Laboratories for permitting us

to use the results of those computations in the preparation of these tables.
) !

1B‘I‘I‘..- Purchase Order No. D-292919 on Contract No, DA-30-069-ORD-1955
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SCATTERING-COEFFICIENT FORMULATION

The following assumptions are made in the derivation of the scattering
coefficients presented in these tables:

2. The sphere is perfectly conducting and of radius a (expressed

in the same units as A).

3. The scattered wave is observed at a great distance (R) from the
sphere. R is the distance from the observation point to the center of the
sphere.

The radian frequency of the wave, w= 27r¢/A (where ¢ is the velocity
of propagation), is used to describe the incident wave in either of two forms:
the first, invelving e“wt
=lwt

, i8 now the more commonly used; the second,
involving € , is of someé importance because of its appearance in much
of the older, classical literature. The present tables are dérived for the

first represe-ntation but the second representation leads, as will be shown

of the flrst.

If the incident plane wave is given by

£ - €, ol (wt=kR) (1)

then the scattered wave is (subject to the conditions stated 2;1bov¢3)g

p ol(wt-2RR)
- stE,e‘,(, ! g V7, _
E" - ‘*“‘"’*‘2’6’?“ S - (") (2”*/) Y

®Reference 3, page 295, Stratton's (Reference 4) notation has been used
because it is much more common than Harrington's.
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a sphere , the backscattered wave has the same linear po»lanzaho as
the incident wave (i.e., there is no depolarization by the sphere);

consequently, all quantities can be treated as scalars. Equation 2 can be

written
i fwt- Zé(k-a-)] |
Es =& (ze) (3)
where
-tZéa. o B : X
G* Z /)"(z‘m/)

G is the scattering coefficient given in the present set of tables; it may also
be written in the form Ge’f where G is a non-negative real number and

0< ¢ <2m Note that in Equation 3 the phase reference point has been shifted
from the center of the sphere to the point on the s’phere nearest the radar.
mterpret without in any way decrea_smg the precision of the mfoma tion
contained in the tables.

If one wishes to use e !

time dependence in his computations, he
must use appropriate scattering coefficients. From the equations given by
Stratton (Reference 4, page 594) it can be shown that

a ~i[wt-28(R-2)] . 4
() e ilwt-24Re) o (5)

where 6*= Ge i is the complex conjugate of G . Thus the tables of

scattering coefficients are useful in this case also, as only a sign change
is required.

3 AP/RIS-1
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COMPUTATION OF THE SCATTERING COEFFICIENTS

The spherical Bessel functions used in Equation (4) cannot conveniently
be computed, so an alternate approach has been employed. Through the use of
the finite=series representation possible for spherical Bessel functions, as well
as the derivative and recursion relationships they satisfy (Reference 4, pages
405, 406), alternate expressions much more amenable to digital computation
can be found.> These expressions are exact and the only errors incurred in
evaluating the scattering coefficients result from roundoff and from truncation
of the infinite series. All computation was done to eight significant figures
using floating-point arithmetic on the IBM-704 digital computer at CAL. The
series (S; and S, given below) were checked after each addition of a new term
and new terms were added until there was no change in the eighth significant
figure. The number of terms required to secure the desired convergence of

S’l and of SZ varied considerably, as may be seen from the following table:

Terms

[ o

t was because of the large number of terms required for convergence at

w--
"'!

arge ka values that the computational procedure outlined here was used:
computation of the entire set of tables took less than twenty minutes of machine

time.

o

w

Mugh f— he analysis which led to this computational approach was done
by Dr. J. T Fl k of CAL several years ago while he was investigating conver-

gence properties jthe Mie se?:.és.
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The formulas used are:

Po“ = 0

_ 1 _
Ri==ga=To
S S
L= ey

[ - S [R5 )

R, = Z—’— 2R, (#y1,,, = (141)Iy)

% ( 1y’ (anf)

G = [5,’2 + 5;]’/’
¢ = ta’ng’(’sz/S/)

Values of G and ¢ were computed and stored on a binary tape for use
in the radar studies for which the computations were made, This tape was
then used in the preparation of the tables and graphs included in this volume.
In addition to the real and imaginary parts of ¢ and the gain and phase values,

the tables include the normalized radar cross section of the sphere:
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SCATTERING-COEFFICIENT TABLES AND GRAPHS

The tables of scattering coefficients are essentially self explanatory.
The complex quantity & is given in two forms; real and imaginary parts of &
are given in floating-point notation to six significant figures, and amplitude
and phase are given in fixed-point notation to six significant figures, in most
cases. Where less figures appear, the desired values can be found to six
figures from the real- and imaginary-part values. A detailed study of the
accuracy of the values has not been carried out, but it is believed that nearly
all of the values given are correct to six significant figures, One exception
is the imaginary part of & ; when very small values are given (for example
at ka = 12,44 where ImG is only 10™° as large as Re G) it is to be expected
, and that,
consequently, considerable roundoff error occurred. It is improbable that

that there was near cancellation of te¥ms in the summation S

the user will be seriously troubled by this fact in most applications. The
values given in all other columns of the table should be accurate to six
significant figures. It must be recognized that in practice, perfectly conducting

must be obtained using a more general forrmula then Equation 4 (see Reference 4,
page 565). For most imperfectly conducting spheres, the six-significant

figure accuracy of the scattering coefficient in these tables is not warranted;

it is the author's opinion that for normal metals the results are correct to

at least three significant figures.

The graphs preceding the tables permit a rapid assessment of the

behavior of the scattering coefficients over the enitre range of the tables, .
Behavior of radar cross section is easily assessed because of the simple

relationship between & and ,ir-o:g = 6%,
: X
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